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Abstract
It is shown how pseudoconstants of the Liouville-type equations
can be exploited as a tool for construction of the Ba¨cklund transfor-
mations. Several new examples of such transformations are found.
In particular we obtained the Ba¨cklund transformations for a pair of
three-component analogs of the dispersive water wave system, and
auto-Ba¨cklund transformations for coupled three-component KdV-
type systems.
1 Introduction
Since the discovery of integrability of the KdV equation several methods for
classifying equations bearing the same property have been developed. The
most well-known and fruitful of them are Painleve´ test [16] and symmetry
approach [12]. The common feature of these methods is that they provide
only with necessary conditions of the integrability, though it appears that
equations having passed these tests are integrable. This commonly can be
proved by constructing the Lax representations or the Ba¨cklund transforma-
tions. One should mention that these two fundamental objects of soliton
theory may be derived via truncation of Painleve´ expansions, however, the
calculations involved can be very tedious.
The method presented in this paper can be successfully applied to con-
structing the Ba¨cklund transformation when the equation under consider-
ation has a pair of hyperbolic Liouville-type equations [10, 19] as negative
1
commuting flows. The well known example is given by the hierarchy of sinh-
Gordon–mKdV equations, used below to clarify the idea of the method. The
method relies on the connection between the Miura and Ba¨cklund transfor-
mations on one hand, and the Miura transformations and the Liouville-type
equations on the other. Thus the proposed method will complement existing
approaches (see e.g. [13, 14, 17, 2, 9, 11]).
The paper is organized as follows. Below we rederive two well-known re-
sults due to Wahlquist, Estabrook [16], and Fordy [8] concerned the Ba¨cklund
transformations for the KdV, Sawada-Kotera, and Kupershimidt equations.
In section 2 we construct the auto-Ba¨cklund transformations for several cou-
pled KdV-type systems recently presented in [7].
The auto-Ba¨cklund transformation for the KdV equation in the potential
form
ϕτ = ϕxxx +
3
2
ϕ2x (1)
is given by the relation [16]
ϕˆx + ϕx = −1
4
(ϕ− ϕˆ)2 + 2λ. (2)
Here ϕ, ϕˆ are solutions of equation (1), and λ is an arbitrary parameter
usually called ”Ba¨cklund parameter”. Equation (1) is related to the potential
mKdV equation
uτ = uxxx − 1
2
u3x (3)
by any of the Miura transformations
ϕ =
∫
ρdx, ϕˆ = −
∫
ρˆdx, (4)
where
ρ = uxx − 1
2
u2x, ρˆ = uxx +
1
2
u2x. (5)
Excluding variables ux, uxx from (4) we obtain the auto-Ba¨cklund transfor-
mation for (1) in the form
ϕˆx + ϕx = −1
4
(ϕ− ϕˆ)2. (6)
A Ba¨cklund parameter can be introduced into relation (6) by applying the
transformation ϕ(x, t) → xλ + ϕ(x + 3λt, t) corresponding to the classical
symmetry ϕλ = x+ 3tϕx admitted by equation (1).
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The crucial point here is the way we get a couple of differentMiura trans-
formations relating equations (1) and (3). First, we note that evolution equa-
tion (3) is the first higher symmetry (commuting flow) of the sinh-Gordon
equation
uxt = ae
u + be−u, (7)
where a, b are arbitrary constants. Setting b = 0 or a = 0 we obtain the
following couple of Liouville equations
uxt = ae
u, uxt = be
−u (8)
for which functions (5) appear to be the simplest pseudoconstants, i.e. on
solutions of corresponding equation (8) they satisfy the characteristic equa-
tion
ρt = 0.
On the other hand a pseudoconstant of a Liouville-type equation determines
a Miura transformation (see e.g. [15, 19]) for its higher symmetries.
As it is evident from this example one need not make any assumptions
on the order or the structure of the transformation to be found. Applying
this method we usually go in opposite direction: we start from an integrable
hyperbolic equation, for example (7), find all its degenerate counterparts –
the Liouville type equations, and then find hierarchies of evolution equations
related by theirs pseudoconstants. On the last step we construct (auto-)Ba¨ck-
lund transformation excluding variables ui. It is important for applicability
of the method to have a couple of the Liouville-type equations generated by
initial hyperbolic equation.
Of course considered example is not a single case where the suggested
procedure works. However, for some equations we get Ba¨cklund-type trans-
formations without a parameter. One of such examples is related to Tzitzeica
equation
uxt = ae
u + be−2u. (9)
Its first higher symmetry (commuting flow) has the form
uτ = uxxxxx + 5(uxxxuxx − uxxxu2x − uxu2xx) + u5x. (10)
Setting b = 0, and a = 0 in (9) we obtain the couple of Liouville equations
uxt = ae
u, uxt = be
−2u (11)
having the following pseudoconstants correspondingly
ω = uxx − 1
2
u2x, ωˆ = uxx + u
2
x. (12)
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On the solutions of equation (10) functions
ϕ =
∫
ωdx, ϕˆ =
∫
ωˆdx (13)
satisfy the Kaup-Kupershmidt and Sawada-Kotera equations in potential
form
ϕτ = ϕxxxxx + 10ϕxxxϕx +
15
2
ϕ2xx +
20
3
ϕ3x, (14)
ϕˆτ = ϕˆxxxxx + 5ϕˆxxxϕˆx +
5
3
ϕˆ3x. (15)
Excluding variables ux, uxx from (13) we obtain the Ba¨cklund transformation
for solutions of (14) and (15) in the form [8]
ϕx + ϕˆx = −2
3
(ϕ− ϕˆ/2)2. (16)
We must finally state that a Ba¨cklund parameter cannot be introduced into
transformation (16), and by this reason in the sequel we restrict ourselves to
sinh-Gordon like equations.
2 New examples
In this section we consider Lagrangian systems δL/δui = 0 with
L =
∑
i,j
gij(u)u
i
xu
j
t + f(u), (17)
where gij is the metric tensor of the configurational space with the coor-
dinates ui. Systems with Lagrangian of the form (17) are usually called
σ–models. They play an important role in quantum field theory and in the
theory of magnetics. In paper [4] (see also [5, 6, 7]) a classification of La-
grangians (17) in the three-dimensional reducible Riemann space such that
corresponding field systems admit higher polynomial symmetries is given.
Below we consider the subclass of systems with
L = uxut/2 + ψvxwt + av
keλu + bwke−λu, (18)
where ψ = 1/(vw + c), and c, λ, k, a, b = const. It is assumed that c 6= 0,
otherwise the configurational space is flat, and the problem reduces to the
well-investigated case L =
∑
δiju
i
xu
j
t + f(u), where δij is the Kronecker’s
symbol. The choice of subclass (18) is motivated by the fact that in this case
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the suggested procedure leads to a derivation of the auto-Ba¨cklund trans-
formation with the Ba¨cklund parameter. There are three integrable cases in
(18):
λ =
√
2, k = 1, (19)
λ = k = 1, (20)
λ = k = 2. (21)
Note that the sinh-Gordon–mKdV hierarchy is a reduction of hierarchies
considered here for v = const, w = const. It is shown in [7] that hyper-
bolic systems corresponding to (19)-(21) under condition a = 0 or b = 0 are
of the Liouville-type. Corresponding sets of pseudoconstants are given ibi-
dem. Using the method presented in the introduction it is easy to compute
the Ba¨cklund transformations for all these cases. Below we give a detailed
derivation of the Ba¨cklund transformation for case (19). Calculations for
cases (20), (21) are similar, but slightly more complicated, and we omit
them presenting the final result only.
Case (19). Hyperbolic system corresponding to (19) and its simplest higher
symmetry are
uxt =
√
2(ave
√
2u − bwe−
√
2u),
vxt = be
−
√
2uψ−1 + ψvxvtw, wxt = ae
√
2uψ−1 + wxwtvψ,
(22)
uτ =
√
2ψvxwx, vτ = vxx − 2vψvxwx +
√
2uxvx,
wτ = −wxx + 2wψvxwx +
√
2uxwx.
(23)
If b = 0, then the complete set of pseudoconstants of (22) is given by
ρ = (
√
2 uxx − u2x − 2vxwxψ)/6, (24)
θ = vxxv
−1
x +
√
2
2
ux − ψwxv, (25)
ϕ = ψvx(wxx − vxwxψw −
√
2uxwx). (26)
It follows from the form of Lagrangian (18) that pseudoconstants correspond-
ing to the case a = 0 can be obtained from (24)-(26) by the substitution
ui → −ui, vi → wi, wi → vi. They are of the form
ρˆ = −(
√
2uxx + u
2
x + 2vxwxψ)/6, (27)
θˆ = wxxw
−1
x −
√
2
2
ux − ψvxw, (28)
ϕˆ = ψwx(vxx − vxwxψv +
√
2uxvx). (29)
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Relations (24)-(26) and (27)-(29) determine differential substitutions of sys-
tem (22) into the following systems correspondingly
mτ =
2
3
ϕ,
nτ = nxx + n
2
x + 3mx,
ϕτ = −ϕxx + 2(nxϕ)x,
mˆτ = −23 ϕˆ,
nˆτ = −nˆxx − nˆ2x − 3mˆx,
ϕˆτ = ϕˆxx − 2(nˆxϕˆ)x,
(30)
where mx = ρ, nx = θ. It is easy to see that systems (30) are related by the
discrete transformation τ → −τ . The integrability of (30) was established in
[7] by constructing its bi-Hamiltonian structure. There it was also pointed
out that (30) can be obtained from the Yajima-Oikawa system [18] in the
same way as the dispersive water wave system (the Kaup-Broer system) from
the NLS equation. Thus systems (30) can be regarded as three-component
analogs of the dispersive water wave system.
To obtain the Ba¨cklund transformation for (30) we exclude variables
ui, vi, wi from relations (24)-(26) and (27)-(29). From relations (24), (27)
we obtain
ux =
3√
2
∫
(ρ− ρˆ) dx, (31)
ψ vxwx = −3
2
(ρˆ+ ρ)− 9
4
(∫
(ρˆ− ρ)dx
)2
.
On the other hand, it follows from (25), (28) that
ψ vxwx = exp
( ∫
(θˆ + θ)dx
)
. (32)
Thus the first relation of the sought transformation is
ρˆ+ ρ = −2
3
exp
(∫
(θˆ + θ)dx
)
− 3
2
(∫
(ρˆ− ρ)dx
)2
. (33)
By expressing vxx from relation (25) and substituting it into (29) we get
ϕˆ =
√
2
2
ψvxwx(
√
2θ + ux). (34)
Substituting expressions (31) and (32) into (34), we obtain
ϕˆ =
(
θ +
3
2
∫
(ρ− ρˆ)dx
)
exp
(∫
(θ + θˆ)dx
)
. (35)
Similarly from relations (26), (28), (31) and (32) we have
ϕ =
(
θˆ − 3
2
∫
(ρ− ρˆ)dx
)
exp
(∫
(θ + θˆ)dx
)
. (36)
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Thus relations (33), (35) and (36) represent the Ba¨cklund transformation for
solutions of systems (30). Passing on to potentials (ρ, θ)→ (mx, nx), (ρˆ, θˆ)→
(mˆx, nˆx) we bring the Ba¨cklund transformation to the form
mx = −mˆx − 32(m− mˆ)2 − 23 enˆ+n + λ,
nx =
3
2
(mˆ−m) + ϕˆ e−n−nˆ, ϕ = enˆ+n(nˆx + 32(mˆ−m)).
(37)
Here the parameter λ is injected into (37) by applying the transformations
m→ −xλ +m(x+ λ, t), n→ −3tλ+ n(x+ λ, t), ϕ→ ϕ(x+ λ, t),
mˆ→ xλ + mˆ(x+ λ, t), nˆ→ −3tλ + nˆ(x+ λ, t), ϕˆ→ ϕˆ(x+ λ, t),
generated by the classical symmetries of (30)
mλ = mx − x, nλ = nx − 3t, ϕλ = ϕx,
mˆλ = mˆx + x, nˆλ = nˆx − 3t, ϕˆλ = ϕˆx.
Case (20). The hyperbolic system corresponding to the case (20) takes the
form
utx = 2av
2e2u − 2bw2 e−2u,
vtx = 2bw ψ
−1e−2u + ψ w vt vx, wtx = 2av ψ
−1e2u + ψ v wtwx.
(38)
In the degenerate cases a = 0 or b = 0 system (38) possesses complete sets
of pseudoconstants. In particular if b = 0 then the pseudoconstants are
ρ = u2 − u21 − 2v1w1ψ, θ = v2v−11 + u1 − vψw1,
ϕ = −3ψ(2v31w1w2ψ2 − 2ψww2v21 + ψvw1w2v1 − 2ψvv1w21u1
−2ψv21w21 − 2v1w1u2 + 2v2u1w1 − v2w2 − 4w2u1v1 + 4v1w1u21
+4wψv21w1u1 + v1w3).
(39)
In the case a = 0 we have
ρˆ = −u2 − u21 − 2v1w1ψ, θˆ = wxxw−1x − ux − wψv1,
ϕˆ = −3ψ(2w31v1v2ψ2 − 2ψvv2w21 + ψwv1v2w1 + 2ψww1v21u1
−2ψv21w21 + 2v1w1u2 + 2w2u1v1 − v2w2 + 4v2u1w1 + 4v1w1u21
−4vψw21v1u1 + w1v3).
(40)
The latter is obtained from (39) by the substitution ui → −ui, vi → wi, wi →
vi. The simplest higher symmetry of (38) is of the third order and have the
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following explicit form
uτ =
1
4
uxxx − 32(wxxvx − vxxwx)ψ + 32(wvx − vwx)vxwxψ2
+3ψuxvxwx − 12u3x,
vτ = vxxx + 3vxx(ux − vwxψ) + 32uxxvx + 3v2vxw2xψ2 − 3v2xwxψ
+3
2
vxu
2
x − 6vuxvxwxψ,
wτ = wxxx − 3wxx(ux + wvxψ)− 32uxxwx + 3w2wxv2xψ2 − 3w2xvxψ
+3
2
wxu
2
x + 6wuxvxwxψ.
(41)
Sets of pseudoconstants (39) and (40) determine the Miura transformations
of system (41) into the system
mτ =
1
4
mxxx +
3
4
m2x + ϕ,
nτ = nxxx +
3
2
(2nxnxx + nxmx) + n
3
x +
3
4
mxx,
ϕτ = ϕxxx + (ϕnxx − nxϕx + ϕn2x + ϕmx)x − 32ϕxmx,
(42)
where mx = ρ, nx = θ. The auto-Ba¨cklund transformation for system (42) is
therefore
mx = −mˆx − 12(m− mˆ)2 − 4en+nˆ + λ,
nxx = 3e
n+nˆ − 1
3
ϕˆ e−n−nˆ + 1
4
(m− mˆ)2
+1
2
(mˆ−m− 2nx)(nx − nˆx) + mˆx − λ/2,
ϕ = −3
4
(m− mˆ)2en+nˆ − 3e2n+2nˆ
−3
2
en+nˆ(2nˆxx + 2mˆx + (nx − nˆx)(m− mˆ− 2nˆx)− λ).
(43)
Case (21). The hyperbolic system takes the form
utx = a v e
u − bw e−u,
vtx = b ψ
−1e−u + ψw vt vx, wtx = aψ
−1eu + ψ v wtwx.
(44)
Setting b = 0 in (44) we get the Liouville-type system with the pseudocon-
stants
ρ = 2uxx − u2x − 2vxwxψ, θ = vxxv−1x − wxvψ + ux,
ϕ = vxψ(−wxxx − 2w2ψ2wxv2x − vwψ2vxw2x + 2ψwvxwxx − 2wxu2x
−3ψwvxwxux + 32ψw2xvx + wψvxxwx + wxuxx + 3uxwxx).
(45)
The other possibility a = 0 gives us a system with the following pseudocon-
stants
ρˆ = −2uxx − u2x − 2vxwxψ, θˆ = wxxw−1x − vxwψ − ux,
ϕˆ = wxψ(−vxxx − 2v2ψ2vxw2x − vwψ2wxv2x + 2ψvwxvxx − vxuxx
+3ψvwxvxux +
3
2
ψv2xwx + vψwxxvx − 3uxvxx − 2vxu2x).
(46)
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The simplest higher symmetry of system (44) is
uτ = −12uxxx + 32 ψ(vxxwx − vxwxx) + 14u3x + 92 ψuxvxwx
+3
2
ψ2vxwx(vxw − vwx),
vτ = vxxx +
3
2
uxxvx + 3vxx(ux − ψvwx) + 94 u2xvx − 6ψvuxvxwx
+3ψvxwx(ψv
2wx − 12vx),
wτ = wxxx − 32 uxxwx − 3wxx(ux + ψvxw) + 94 u2xwx
+6ψwuxvxwx + 3ψvxwx(ψw
2vx − 12wx).
(47)
Miura transformations (45) and (46) relate system (47) with the system
mτ = −12mxxx + 6ϕ− 38m2x, nτ = nxxx + 3nxnxx + 34mxnx + n3x,
ϕτ = ϕxxx + 3 (n
2
xϕ− nxϕx)x + 34 mxϕx
(48)
where mx = ρ, nx = θ. Excluding variables ui, vi, wi from relations (45) and
(46) we obtain the auto-Ba¨cklund transformation for system (48)
mx = −mˆx − 18(m− mˆ)2 − 4en+nˆ − 4λ,
nxx =
1
4
nx(mˆ−m)− n2x − ϕˆ e−n−nˆ + 12en+nˆ + λ,
ϕ = 1
2
e2n+2nˆ + en+nˆ
(
1
4
nˆx(m− mˆ)− nˆ2x − nˆxx + λ
)
,
(49)
where λ is the Ba¨cklund parameter.
One of applications of the Ba¨klund transformations is generation of exact
solutions from a given ones. Consider for example the simplest case: system
(30) and its Ba¨cklund transformation (37). Take m = n = ϕ = 0 as a seed
solution, then relations (37) yield the following system of ordinary differential
equations
mˆ = −2
3
nˆx, ϕˆ = ∂xe
nˆ, nˆxx − nˆ2x − enˆ +
3
2
λ = 0.
Solving this system we get expressions for functions mˆ, nˆ, ϕˆ containing two
arbitrary functions of time, the latter can be found after substituting these
expressions into the second system (30). This gives one soliton solution of
(30) which can be represented as
mˆ =
2
3
λ
κ1e
λ(tλ+2x) + κ2e
λ2t
κ1eλ(tλ+2x) − κ2eλ2t + 2eλx
,
nˆ = λx− log
(
2eλx + κ1e
λ(tλ+2x) − κ2eλ2t
)
+ log(2λ2),
ϕˆ = 2λ3
(
κ1e
λ(tλ+2x) + κ2e
λ2t
)
eλx
(κ1eλ(tλ+2x) − κ2eλ2t + 2eλx)2
,
(50)
where κ1, κ2 = const.
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In this paper we have presented the method which allowed us to construct
Ba¨cklund transformations for several three-component evolution systems pre-
sented in [7]. One of these systems is closely related to the Yajima-Oikawa
system, the Ba¨cklund transformation for which was discussed in [3] from the
viewpoint of Lax pair. We would like to point out that the Lax pairs for
(42) and (48) are of the fourth order and have quite complicated structure
[6], so it would be difficult to find corresponding Ba¨cklund transformations
if we tried to do that using methods previously known.
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